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Abstract: We establish oracle inequalities for the least squares estimator
fˆ with penalty on the total variation of fˆ or on its higher order differences.
Our main tool is an interpolating vector that leads to upper bounds for the
effective sparsity. This allows one to show that the penalty on the kth order
differences leads to an estimator fˆ that can adapt to the number of jumps
in the (k − 1)th order differences. We present the details for k = 2, 3 and
expose a framework for deriving the result for general k ∈ N.
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1. Introduction
Total variation penalties have been introduced by Rudin et al. [1992] and Steidl et al.
[2006]. The present paper builds further on the theory as developed in Tibshirani
[2014], Wang et al. [2016], Sadhanala and Tibshirani [2017] and Guntuboyina et al.
[2017]. We show how, for any k ∈ N, the kth order total variation regularized
least squares estimator can be proven to adapt to the number of jumps in the
(k − 1)th order differences. Inspired by Cande`s and Fernandez-Granda [2014],
our main tool is a vector interpolating the signs of the jumps.
In Elad et al. [2007] it is shown that every “analysis” problem has an equiva-
lent“synthesis”formulation. The synthesis problem is called the Lasso (Tibshirani
[1996]). For k = 2, the 2nd order total variation regularized least squares esti-
mator corresponds to a quantized two layers neural network, where a ℓ1-penalty
is imposed on the coefficients of the activation functions. Indeed, the dictionary
of its synthesis form corresponds to a finite collection of ReLU functions (see
Barron [1994], Maennel et al. [2018] for more on the topic).
We establish oracle inequalities for the analysis problem without taking the
detour via a synthesis problem. Dalalyan et al. [2017] introduce a new “com-
patibility constant” for the synthesis problem. We consider the reciprocal of
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this compatibility constant and call it “effective sparsity”. Moreover, we provide
bounds on the effective sparsity using interpolating vectors. We furthermore
generalize the projection arguments from Dalalyan et al. [2017] by allowing for
“mock” elements of the active set. In this way we arrive at better weights in the
effective sparsity, which in turn lead to the desired oracle results. Generaliza-
tions of this approach to overdetermined analysis operators D can be obtained
by combining the addition of mock elements to the active set with the results
for general analysis operators in Ortelli and van de Geer [2019].
Having observed a vector Y ∈ Rn, the analysis problem is
fˆ := arg min
f∈Rn
{
‖Y − f‖2n + 2λ‖Df‖1
}
where D ∈ Rm×n is a given analysis operator, λ > 0 is a tuning parameter and
for a vector f ∈ Rn, ‖f‖2n = ‖f‖22/n. The aim is to show that fˆ is close to the
mean f0 := EY of Y , or to some approximation f ∈ Rn thereof that has ‖Df‖0
“small”. Throughout we assume that the noise ǫ := Y − f0 is a vector of i.i.d.
(unobservable) Gaussian random variables with known variance σ2. Without
loss of generality we take σ2 = 1. For the case of unknown variance one may
apply for example the analysis version of the square-root Lasso introduced by
Belloni et al. [2011]. The paper Ortelli and van de Geer [2019] derives oracle
results for square-root analysis.
An oracle inequality with fast rates for the case k = 1 is provided in Ortelli and van de Geer
[2018]. Moreover, Ortelli and van de Geer [2019] also show that for k = 1, an
oracle inequality with slow rates recovers the minimax rate.
In this article, we present two main results. For fast rates, we derive oracle
inequalities by bounding the effective sparsity with a new argument involving
interpolating vectors. We treat in full detail the cases k = 2, 3 and we expose a
framework to derive results for general k.
For slow rates, we use an extension of the argument by Dalalyan et al. [2017]
to derive oracle inequalites for general k. We recover, up to log-terms, the min-
imax rates.
1.1. Notation
Analysis operator D. Let D ∈ Rm×n be a given matrix, whose rows are
indexed by a set D of size |D| = m. Let {d′i}i∈D denote the row vectors of D.
By N (D) := {x ∈ Rn : Dx = 0} we denote the nullspace of D. By penalizing
‖Df‖1, we favor an estimator lying almost in N (D). Note that N (D) can be
nonempty and thus the part of f lying in N (D) will always be active.
The kth order discrete derivative. In this paper we take the analysis
operator to be the kth order discrete derivative operator ∆(k) ∈ R(n−k)×n,
which is defined as
∆(k)ij :=


(−1)j
(
k
j
)
, j = i− l, l ∈ {0, . . . , k}, i ∈ D,
0, else,
imsart-generic ver. 2014/10/16 file: TVLS.tex date: October 7, 2019
van de Geer, Ortelli/Higher order total variation 3
where D = [n] \ [k] and k ∈ [n− 1] is fixed. Note that ∆(k) is of full row rank.
Active set S ⊂ D. Let S ⊆ D denote a subset of the row indices of D
and s := |S| its cardinality. We write −S := D \ S. Moreover, we write DS =
{d′i}i∈S ∈ Rs×n and D−S = {d′i}i∈−S ∈ R(m−s)×n. For instance, let us suppose
that, for S0 ⊆ D, the true signal is s.t. DS0f0 6= 0 and D−S0f0 = 0. Then S0
is the true active set for Df0, i.e. the set of indices of rows of D, to which the
true signal is not orthogonal.
When D = ∆(k), we write S = {t1, . . . , ts} ⊆ D, k + 1 ≤ t1 ≤ . . . ≤ ts ≤ n
and let t0 := 1 and ts+1 := n+ 1. We define ni = ti − ti−1, i ∈ [s+ 1] and we
say that S defines a regular grid if n1 = n2 = . . . = ns+1. We moreover say that
S defines an approximately regular grid if n1 ≍ n2 ≍ . . . ≍ ns+1.
Remark 1.1
With the notation presented above, one is already able to read the main results
in the next subsection. The additional notation we are going to expose below will
be needed at a later point in the paper.
Enlarged active set S˜. We artificially enlarge an active set S by selecting
some additional active variables, which we call “mock (active) variables”, i.e. for
S ⊆ D we choose an enlarged active set S˜ s.t. S ⊆ S˜ ⊆ D, where S˜ \ S is the
set of mock active variables.
Remark 1.2
For D = ∆(k) with k ∈ [n− 1] fixed, we always choose S˜ = S ∪ (∪k−1l=1 (S + l)).
With this choice, ∆(k)−S˜ is a block matrix, whose blocks consist of lower dimen-
sional kth order difference operators. This will turn out to be very convenient
when computing the pseudoinverse of ∆(k)−S˜.
The nullspaceN (D−S). SinceD−S0f0 = 0, f0 ∈ N (D−S0). Thus,N (D−S0)
encompasses all the signals f having S0 as true active set. We therefore adopt
rS = dim(N (D−S)) ≤ n to measure the sparsity of a signal f , for which Df has
active set S.
We use the shorthand notations NS := N (DS) and N−S := N (D−S). Sim-
ilarly, we write N⊥S := N⊥(DS) and N⊥−S := N⊥(D−S) for the respective
orthogonal complements.
Diagonal matrices of weights. Let w˜ ∈ Rm be a vector of weights. For the
diagonal matrix W˜ = diag({w˜i}i∈[m]) ∈ Rm×m we write W˜S := diag({w˜i}i∈S) ∈
R
s×s and W˜−S := diag({w˜i}i∈−S) ∈ R(m−s)×(m−s). We will need these nota-
tions when bounding the effective sparsity, defined in Definition 4.1.
Orthogonal projections. Let In ∈ Rn×n denote the identity matrix and let
In = {1}n×n.
Let V ⊂ Rn be a linear space. By ΠV ∈ Rn×n we denote the orthogonal
projection matrix onto V and by AV := In − ΠV the orthogonal antiprojection
matrix onto V .
Let f ∈ Rn. We write f = (ΠN−S+ΠN⊥
−S
)f , i.e. for a set S ⊆ D we decompose
a signal f into a part orthogonal to D−S and a part collinear to D−S. We will
use this decomposition when bounding the increments of the empirical process
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in the proofs of the oracle inequalities.
Computing ΠN⊥
−S
. Let S ⊆ D be a set of row indices of D. We have
that ΠN⊥
−S
= D+−SD−S , where D
+
−S ∈ Rn×(m−s) denotes the Moore-Penrose
pseudoinverse of D−S. If D−S ∈ R(m−s)×n is of full row rank we have that
D+−S = D
′
−S(D−SD
′
−S)
−1.
For k ∈ N, we let ck be a constant depending only on k that might vary
among equations.
1.2. Main results
Our first - simplified - main result re-establishes the minimax rate up to log-
terms. It is perhaps not of interest in itself, but rather (as shown in Corollary
3.2) for its proof. Namely, this proof uses the same techniques as the one for
deriving the fast rates as presented - simplified - in Theorem 1.2.
Theorem 1.1 (Main result with slow rates, simplified.)
Fix k ∈ N. Assume that nk−1‖∆(k)f0‖1 ≤ Ck, Ck > 0. Choose
λ ≍ n 2k
2
−3k−1
2k+1 (logn)
1
2k+1C
− 2k−12k+1
k .
Then, with fixed high probability, it holds that
‖fˆ − f0‖2n = O
(
n−
2k
2k+1 log
1
2k+1 (n)
)
.
Theorem 1.2 (Main result with fast rates, with simplifying assumptions.)
Fix k ∈ {2, 3}. Let S define an approximately regular grid. Choose
λ ≍ (s+ 1)− 2k−12 n 2k−32 (logn) 12 .
Then, with fixed high probability, we have that, ∀f ∈ Rn,
‖fˆ − f0‖2n ≤ ‖f − f0‖2n + 4λ‖∆(k)−Sf‖1 +O
(
(s+ 1) log2 n
n
)
.
Remark 1.3
In Theorem 9.1 we show a counterpart of Theorem 1.2 holding for arbitrary S.
In Section 7, we also illustrate how that bound could be established for general
k.
1.3. Organization of the paper
In Section 2 we expose the basic tools needed to derive our results. In Section 3
we treat the case of slow rates and show how they allow us to recover minimax
rates up to log-terms. Sections 4-9 handle oracle inequalities with fast rates. In
Section 4 we present a general oracle inequality based on the new bounds for
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the effective sparsity defined in Definition 4.1, in Section 5 we derive the details
for the case k = 2. In Section 6 we show that for k = 3 a more sophisticated
approach than for k = 2 is required. In Section 7 a way to bound the effective
sparsity for general k is given. This procedure is then applied in Section 8 to the
case k = 3. Section 9 summarizes the results for fast rates. Section 10 concludes
the paper.
2. Basic tools
2.1. Definitions
We write ψ˜kj := (∆(k)
+
−S˜
)j .
Definition 2.1 (Upper bound on ‖ψ˜kj ‖2. )
Let v˜j ≥ ‖ψ˜kj ‖2, ∀j ∈ D \ S˜ and v˜j = 0, ∀j ∈ S˜. We define the diagonal matrix
V˜ = diag({v˜j}j∈D) ∈ R(n−k)×(n−k).
Definition 2.2 (Inverse scaling factor.)
The inverse scaling factor γ is defined as
γ = ‖V˜ ‖∞.
Alternative definitions of the inverse scaling factor can be found in Hu¨tter and Rigollet
[2016], Dalalyan et al. [2017].
We define V , a normalization of V˜ , s.t. the maximum in a block of nonzero
consecutive entries (corresponding to a block of ∆(k)−S˜) is one. In particular,
we have that ‖ψ˜kj ‖2/γ ≤ vj , j ∈ D. We write V = diag({vj}j∈D).
For convenience we sometimes use the notation v(j) := Vjj and w(j) := Wjj .
2.2. Bounding the increments of the empirical process
Remark 2.1
In what follows two “tuning parameters” are going to appear: λ and λ0. The
tuning parameter λ has to be taken at least as large as λ0. This requirement
comes from the concentration inequality applied in the proof of Lemma 2.4, where
λ0 has to be taken large enough to overrule the noise. Choosing λ > λ0 will allow
us to bound the effective sparsity more easily, see Definition 4.3.
The proof of oracle inequalities starts from the following basic inequality.
Lemma 2.3 (Basic inequality)
For all f ∈ Rn it holds that
‖fˆ − f0‖2n + ‖fˆ − f‖2n ≤ ‖f − f0‖2n +
2ǫ′(fˆ − f)
n
+ 2λ(‖Df‖1 − ‖Dfˆ‖1).
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Proof. See Lemma B.1 in Ortelli and van de Geer [2019].
To derive oracle results from the basic inequality, we have to control the incre-
ments of the empirical process given by ǫ′(fˆ − f)/n. Inspired by Dalalyan et al.
[2017], we decompose the increments of the empirical process into a part pro-
jected onto N (D−S˜) and a remainder.
Lemma 2.4 (Bound on the empirical process with mock variables.)
Let S, S˜ ⊆ D, s.t. S ⊆ S˜ are arbitrary. Choose V = N−S˜ and λ0 ≥ γ
√
2 log(2(n− rS˜)) + 2t /n, t >
0. Let x > 0. It holds that, ∀f ∈ Rn, with probability at least 1− e−t − e−x,
ǫ′f
n
≤
(√
2x
n
+
√
rS˜
n
)
‖f‖n + λ0‖V−SD−Sf‖1.
Proof. See Appendix A.1
Remark 2.2
One may alternatively apply more refined empirical process theory to bound
|ǫ′ψ˜kj |
‖ψ˜kj ‖2 +
√
logn
to remove log-factors.
2.3. The Moore-Penrose pseudoinverse
Throughout the paper we choose the enlarged active set S˜ as in Remark 1.2,
so that ∆(k)−S˜ is a block matrix. Then the Moore Penrose pseudoinverse
∆(k)+
−S˜
is the Moore Penrose pseudoinverse of its blocks (see Lemma 1 in Ijiri
[1965]), which are of the same form as ∆(k). We write φ˜kj = (∆(k)
+)j . To
calculate the pseudoinverse of ∆(k) we proceed as follows (cf. Lemma 2.2 in
Ortelli and van de Geer [2019]).
1. We select the matrix A(k) ∈ Rk×n, s.t.
A(k)ij =


(−1)j+i
(
i
j
)
, j = i− l, l ∈ {0, . . . , i− 1}, i ∈ [k],
0, else.
2. We find Xk =
(
A(k)
∆(k)
)−1
∈ Rn×n. We have that Xk = {φkj }j∈[n], where
• for k = 1, φ1j = 1{i≥j}, i, j ∈ [n],
• and for k ≥ 2,
φkj =


φjj , 1 ≤ j < k∑
l≥j
φk−1l , k ≤ j ≤ n.
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3. Then ∆+(k) = {φ˜kj }j∈[n]\[k], where
φ˜kj := (In −Πcolspan(Xk
[k]
))φ
k
j , j ∈ [n] \ [k].
We have that the norm of the columns of the Moore Penrose pseudoinverse
as a function of the column index is symmetric.
Lemma 2.5 (Symmetry of ‖φ˜kj ‖2.)
For all k ≥ 1 and for all j ∈ D we have that
‖φ˜kj ‖22 = ‖φ˜kn+k+1−j‖22.
Proof of Lemma 2.5. See Appendix A.1.
2.3.1. Approximations for general k
We give an upper bound on the length of the columns of ∆(k)+ for k ∈
2, . . . , n− 1.
Lemma 2.6 (Approximated length of the columns of ∆(k)+.)
We have that
‖φ˜kj ‖22 ≤


(j − k) 2k−12 , j ∈
{
k + 1, . . . ,
⌊
n+ k + 1
2
⌋}
(n+ 1− j) 2k−12 , j ∈
{⌈
n+ k + 1
2
⌉
, . . . , n
}
.
Proof of Lemma 2.6. See Appendix A.1
2.3.2. Exact computation for k = 2
We compute the exact length of the columns of ∆(2)+.
Lemma 2.7 (Length of the columns of ∆(2)+.)
The length of the columns {φ˜2j}j∈[n]\[2] of ∆(2)+ is
‖φ˜2j‖22 =
(n− j + 1)(n− j + 2)(j − 2)(j − 1)(2j(n− j + 3)− 3(n+ 1))
6n(n+ 1)(n− 1) .
Proof of Lemma 2.7. See Appendix A.1.
Remark 2.3
Since j(j − 2) ≤ (j − 1)2 and (n − j + 1)(n− j + 3) ≤ (n − j + 2)2, we obtain
the more simple upper bound
‖φ˜2j‖22 ≤
(n− j + 2)3(j − 1)3
3(n+ 1)n(n− 1) , j ∈ [n] \ [2],
which is going to be used in Section 5.
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2.3.3. Exact computation for k = 3
We compute the exact length of the columns of ∆(3)+.
Lemma 2.8 (Length of the columns of ∆(3)+.)
The length of the columns {φ˜3j}j∈[n]\[3] of ∆(3)+ is
‖φ˜3j‖22 =
(j − 3)(j − 2)(j − 1)(n+ 3− j)(n+ 2− j)(n+ j − j)
60(n+ 2)(n+ 1)n(n− 1)(n− 2) ×
× (10(n+ 1)(n+ 2) + 3j(n+ 4− j)(j(n+ 4− j)− 4n− 5)) .
Proof of Lemma 2.8. See Appendix A.1.
A simpler upper bound on ‖φ˜3j‖22, which will be used in Section 6, is given in
the next corollary.
Corollary 2.9 (Corollary to Lemma 2.8.)
It holds that
‖φ˜3j‖22 ≤
(j − 1)5(n+ 3− j)5
12(n+ 2)(n+ 1)n(n− 1)(n− 2) , ∀j ∈ [n] \ [3].
Proof of Corollary 2.9. See Appendix A.1.
2.4. Bound the inverse scaling factor γ
Lemma 2.10 (Bound on the inverse scaling factor γ.)
γ ≤ max
i∈[s+1]
(ni − k + 1)
2k−1
2 .
Proof of Lemma 2.10. By Lemma 2.6, the longest column of ∆(k)+ is upper
bounded by (n−k+1) 2k−12 . Because of the choice of S˜ in Remark 1.2, the result
follows.
3. Oracle inequality with slow rates
Theorem 3.1 (Oracle inequality with slow rates.)
Let S ⊆ D be arbitrary, S˜ = S ∪ (∪k−1l=1 (S + l)) and choose V = N−S˜. Let
x, t > 0 and choose λ = λ0 ≥ γ
√
2 log(2(n− rS˜) + 2t /n. For all f ∈ Rn, with
probability at least 1− e−t − e−x, it holds that
‖fˆ − f0‖2n ≤ ‖f − f0‖2n + 4λ‖∆(k)f‖1 +
(√
2x
n
+
√
rS˜
n
)2
.
Proof. See Appendix A.2.
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3.1. Almost minimax rates by oracle inequalities with slow rates
We derive almost minimax rates over the class of functions
Fk(Ck) := {f0 : TVk(f) ≤ Ck}, Ck > 0,
where
TVk(f) = n
k−1‖∆(k)f‖1.
Corollary 3.2 (Slow rates for higher order total variation regularization.)
Choose S in Theorem 9.1 to define a regular grid. For t, x > 0 choose λ ≥
γ
√
log(2n) + 2t /n. Choose
s+ 1 = ⌊(log(2n) + 2t) 12k+1 ‖∆(k)f0‖
2
2k+1
1 n
2k−1
2k+1 ⌋.
Then it holds that, with probability at least 1− e−t − e−x,
‖fˆ − f0‖2n ≤ (4 + 2k) (log(2n) + 2t)
1
2k+1 n
−2k
2k+1 C
2
2k+1
k +
4x
n
.
Proof of Corollary 3.2. The claim follows from Theorem 9.1 by choosing f = f0,
inserting the upper bound on γ given by Lemma 2.10 and trading off s, s.t. the
term coming from the antiprojections and the one deriving from the projections
have the same rate.
Remark 3.1
When f0 ∈ Fk(Ck), from Corollary 3.2 it follows that
‖fˆ − f0‖2n = OP(n−
2k
2k+1C
2
2k+1
k log
1
2k+1 n).
The result, up to the log-term, matches the minimax rate in the class Fk(Ck).
4. Oracle inequality with fast rates
4.1. Bounding the effective sparsity
We present a simple yet powerful upper bound on the effective sparsity. The
idea is a quantified version of Cande`s and Fernandez-Granda [2014]. The bound
is general and we will apply it to the case D = ∆(k).
Definition 4.1 (Effective sparsity.)
Let qS ∈ {−1,+1}s. The effective sparsity Γ2(S, W˜, qS) is defined as
Γ2(S, W˜, qS) = max
f∈Rn
{
q′SDSf − ‖W˜−SD−Sf‖1 : ‖f‖n = 1
}
.
Remark 4.1
The weak weighted compatibility constant as defined in Dalalyan et al. [2017] is
κ2(S, W˜ ) = rSΓ
−2(S, W˜ ), where Γ−2(S, W˜ ) := maxqS∈{−1,+1}s Γ
2(S, W˜, qS).
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Lemma 4.2 (Bound on Γ2(S, W˜, qS).)
We have
Γ2(S, W˜, qS) ≤ inf
q−S∈[−1,1]m−s
n‖D′W˜ q‖22.
Proof. We have for ‖q−S‖∞ ≤ 1,
q′SDSf − ‖W˜−SD−Sf‖1 ≤ q′SDSf + q′−SW˜−SD−Sf = q′W˜Df
≤ √n ‖D′W˜ q‖2‖f‖n.
Remark 4.2
We will apply Lemma 4.2 with qS = sign(DSf), where f = f
0 or an approxi-
mation thereof (see Theorem 4.4). However, the sign pattern of DSf is usually
unknown. One may therefore want to find an upper bound holding for all possible
sign patterns of DSf . This upper bound is Γ
2(S, W˜ ).
Remark 4.3
We see that the interpolating vector q can be chosen to be constant between
consecutive entries of qS having the same sign. Thus a “staircase pattern” -
consecutive entries of DSf having the same sign - seems to favor prediction,
while for f = f0 and D = ∆(1) it is known to negatively affect model consistency
(Qian and Jia [2016]).
4.2. Oracle inequality with fast rates
Definition 4.3 (Weights.)
For λ ≥ λ0, let W ∈ R(n−k)×(n−k) be a diagonal matrix of weights, s.t. WS˜ = 1
and
0 ≤W−S˜ ≤ In−rS˜ −
λ0
λ
V−S˜ .
Theorem 4.4 (Fast rates for the total variation regularized least squares esti-
mator.)
Let S, S˜ ⊆ D, s.t. S ⊆ S˜ be arbitrary. Choose V = N−S˜ and λ ≥ λ0 ≥
γ
√
2 log(2(n− rS˜)) + 2t /n, t > 0. Let x > 0. It holds that, ∀f ∈ Rn, with
probability at least 1− e−t − e−x,
‖fˆ − f0‖2n ≤ ‖f − f0‖2n + 4λ‖∆(k)−Sf‖1
+
(√
2x
n
+
√
rS˜
n
+ λΓ(S,W, qS)
)2
,
where qS = sign(DSf).
Proof of Theorem 4.4. See Appendix A.3
In the following sections we examine V˜, V, γ and W to find out how γ and
the upper bound on Γ(S,W, qS) scale for general k.
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5. Case k = 2
When ni ≥ 3, ∀i ∈ [s + 1], then ∆(2)−S˜ is a block matrix with (s + 1) blocks
represented by smaller second order discrete derivative matrices of dimension
(ni − 2)× ni.
To find V˜ , we use Remark 1.2 and Remark 2.3 about the length of the columns
of ∆(2)+.
Lemma 5.1 (Weights W for k = 2)
For k = 2 assume that ni, i ∈ {2, . . . , n} are odd and choose λ = λ0. Then
W = In−2 − V , where
Wjj =


1− (j + t1 − 5)
3/2(t1 + 1− j)3/2
(t1 − 2)3/2 , j ∈ {3, . . . , t1 − 1}
1− 2
3(j − ti−1)3/2(t1 + 1− j)3/2
(ti−1 − t1)3 , j ∈ {ti−1 + 2, . . . , ti − 1}
1− (j − ts)
3/2(2n− ts − j)3/2
(n− ts)3 , j ∈ {ts + 2, . . . , n}
1, j ∈ {ti, ti + 1}, i ∈ [s].
Remark 5.1
If, for some i ∈ {2, . . . , s}, ni should be even, then we would have that
Wjj = 1− v˜(j)
v˜((ti − ti−1 + 2)/2) = 1−
23(j − ti−1)3/2(t1 + 1− j)3/2
(ti−1 − t1 + 1)3/2(ti−1 − t1 − 1)3/2 ,
for j ∈ {ti−1 + 2, . . . , ti − 1}.
Since the sign pattern of ∆(2)Sf is generally unknown, we want to find an
upper bound for the effective sparsity that holds for all the possible sign patterns,
i.e. for all possible qS ∈ {−1,+1}s.
Lemma 5.2 (Bound on the effective sparsity for k = 2)
Assume that S is s.t. ni ≥ 7, i ∈ {2, . . . s} are odd and that ni ≥ 5, i ∈ {1, s+1}.
Choose S˜ = S ∪ (S + 1) and λ = λ0.
Then
sup
qS∈{−1,+1}s
‖∆(2)′Wq‖22 ≤ c2
s+1∑
i=1
logni
(ni − 1)3 .
Proof of 5.2. See Appendix A.
6. Case k = 3
When ni ≥ 4, ∀i ∈ [s + 1], then ∆(3)−S˜ is a block matrix with (s + 1) blocks
represented by smaller second order discrete derivative matrices of dimension
(ni − 3)× ni.
imsart-generic ver. 2014/10/16 file: TVLS.tex date: October 7, 2019
van de Geer, Ortelli/Higher order total variation 12
We now choose λ = λ0 and W = In−3 − V , in an analogous way to what we
did in Lemma 5.1 with k = 2. By looking at the first block, we show that this
choice does not give a bound on the effective sparsity of order n
∑s+1
i=1 n
−5
i log ni.
This order is required to ensure a good rate in the oracle inequality.
For the first block, we choose the upper bound
‖ψ˜3j ‖22 ≤
(j − 5 + n1)5(n1 + 3− j)5
12(n21 − 4)(n21 − 1)n1
= V˜ 2jj , j ∈ {4, . . . , n1},
whose maximum is attained at j = 4.
We normalize V˜ and get
V 2jj =
v˜2(j)
v˜2(4)
=
(j + n1 − 5)5(n1 + 3− j)5
(n1 − 1)10 , j ∈ {4, . . . , n1}.
We take λ = λ0 and w(j) = 1− v(j).
Since in the expression for the effective sparsity we have ∆(3)′ and not ∆(3),
the first three contributions of the initial block consist of the squared “incom-
plete” discrete derivatives
w2(4)︸ ︷︷ ︸
=0
+(w(5)− 3w(4))2 + (w(6)− 3w(5) + 3w(4))2 = w2(5) + (w(6)− 3w(5))2.
In particular, note that
w2(5) =
1
(n1 − 1)10
(
(n1 − 1)5 − n5/21 (n1 − 2)5/2
)2
.
We now want to find the asymptotic order of
w2k+1(n1) =
(
(n1 − 1)2k−1 − n(2k−1)/21 (n1 − 2)(2k−1)/2
(n1 − 1)2k−1
)2
.
Lemma 6.1
We have that, ∀k ≥ 1, w2k+1(n1) ≍ (n1 − 1)−4.
Proof of Lemma 6.1. See Appendix A.
Remark 6.1
Notice that only for k = 1, 2, (n1 − 1)−4 = O((n1 − 1)− 2k−12 ). Therefore, for
k = 3, we can not use the weights given by W = In−k − V to find the desired
bound on the effective sparsity.
To obtain an upper bound of the desired order on the effective sparisty for
k = 3 we will choose λ = Cλ0, with C > 1 large enough. This choice implies
that the minimum value of In−k − V/C is (C − 1)/C. When lower bounding
In−k−V/C, we have therefore complete freedom to choose the form ofW below
(C − 1)/C: the larger C, the less restrictive the requirements to obtain a lower
bound. We will choose a lower bound W ≤ In−k−V/C whose minimum is zero,
so that we can easily take care of all the sign configurations and find a bound
on effective sparsity of the desired order.
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7. How to prove a result for general k
7.1. Approximating the length of the antiprojections
If ni + k+ 1 is even, the normalized upper bound on ‖ψ˜kj ‖2 can be obtained by
dividing the bound given in Lemma 2.6 by ((ni − k + 1)/2) 2k−12 .
We look at the first halfth of this symmetric upper bound. For k fixed,
v(j) =
const.
(ni − k + 1) 2k−12
, ∀j ∈ {k + 1, . . . , 2k}.
Thus, if we choose W = In−k − V/C close to the boundary of the block, then
the first k contributions to the effective sparsity Γ2(S,W, qS) are the squares of
incomplete discrete derivatives of v, whose sum is upper bounded by
ck
(ni − k + 1)2k−1 .
7.2. Requirements on the interpolating vector
For general k we want to find W which allows to obtain a bound
∑
i∈I w
2(i) =
O(n−2k+1i ), for I being an interval in N containing indices around the center of
the interior blocks, at the beginning of the first block and at the end of the last
block. In this way, the upper bound will not depend on the sign configuration
qS .
For simplicity, we assume that ni + k + 1, i ∈ {2, . . . , s} are even. Then, the
contributions to the effective sparsity affected by the sign pattern are the (k−1)
contributions around (ni + k + 1)/2.
At the same time, we want W to be s.t.
∑
i∈I v
2(i) = O(n−2k+1i ) for I being
an interval in N containing indices close to the boundaries of the internal blocks.
We saw above that the approximated length of the antiprojections obtained in
Section 2 satisfies this requirement.
Let us consider a half interval of an interior block matrix, i.e. let us restrict
to {k + 1, . . . , (ni + k + 1)/2}. We choose
w(j) = 1− a
(
2(j − k)
(ni − k + 1)
) 2k−1
2
,
close to the left boundary and
w(j) = z
(
2
(ni − k + 1)
(
ni − k + 1
2
− j
)) 2k−1
2
close to the right boundary of the half interval, where a ≥ 1/C and z > 0 are
constant coefficients.
We want to join these two pieces in a way that ∆(k)W is almost piecewise
constant. We thus have to match the 0th, 1st, ..., (k − 1)th derivatives at the
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joining points. Note that matching the 0th, 1st, . . . , (k − 1)th derivatives of two
functions w1 and w2 at j
∗ corresponds to matching w1(j
∗ − i) = w2(j∗ − i), i ∈
{0, . . . , k − 1}.
7.3. Matching the derivatives
We split the half interval into p pieces (e.g. pieces of equal length), s.t. we have
sufficiently many free parameters to satisfy the requirements. The first and last
pieces have the form exposed above, while the pieces inbetween are taken as
polyomials of degree k. The problem of finding a suitable W translates into
setting up and solving a system of linear equations.
The number of parameters is 2 + (p− 2)(k + 1), where the 2 comes from the
two parameters we have in the first and last piece and (p−2)(k+1) comes from
the (k + 1) parameters needed to determine the remaining (p− 2) polynomials
of degree k.
When we have p splits, the number of equations to match the 0th, 1st, ...,
(k−1)th derivatives at the joining points is the number of junctures, p−1, times
k, the number of points to match at each juncture.
The solution to the equation 2 + (p − 2)(k + 1) = (p − 1)k is p = k. Thus,
we split each half interval into k pieces. We treat the boundary blocks as if they
were the last, resp. the first halves of an internal block, so that our interpolating
vector starts at 0 and ends at 0.
7.4. Bounding the effective sparsity
For polynomials πk =
∑k
i=0 akj
k of degree k, we have by Lagrange Theorem
that ∣∣∣∣∣
k∑
i=0
(−1)i−1
(
k
i − 1
)
πk(j − i)
∣∣∣∣∣ ≤ |ak|,
where the left hand side of the equation corresponds to the kth discrete deriva-
tive. For functions of the form wk = a
(
j
ni−k+1
)(2k−1)/2
we have that
∣∣∣∣∣
k∑
i=0
(−1)i−1
(
k
i− 1
)
wk(j − i)
∣∣∣∣∣ ≤ |a|j−1/2(ni − k + 1)−(2k−1)/2.
Thus, if a = O(1) and ak = O(n−(2k−1)/2i ) we have that
sup
qS∈{−1,1}s
‖∆(k)′Wq‖22 = O
(
s+1∑
k=1
logni
(ni − k + 1)2k−1
)
.
For general k one should work out the coefficients and check that they are of
the right order, as last step to prove the bound on the effective sparsity.
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8. Case k = 3 continued
For k = 3, we split W into three pieces on each half interval for internal blocks.
We then have to solve a 6×6 linear system to findW on a half interval. However,
we can add some constraints. Let us write the polynomial joining the first and
the last piece of W on a half interval as
π3(j) =
3∑
i=0
ai
(
ni + 12
4
− j
)i
.
We want it to be odd around (ni + 12)/4 (constraints a2 = 0 and a = z) and
we want π3((ni + 12)/4) = 1/2 (constraint a0 = 1/2).
Then we can only look at a quarter of the interval and get a system of 3
linear equations with 3 unknowns, which are the coefficients a, a1, a3.
We match the first and the second piece around (ni+4)/8+3 and implicitely
assume that ni − 4 is a multiple of 8. Our system of linear equations is{
1
2
=
(
ni + 4 + 8i
4(ni − 2)
)5/2
+ a1
(
ni − 4
8
− i
)
+ a3
(
ni − 4
8
− i
)3}1
i=−1
.
Define
α0 :=
(
ni + 4
4(ni − 2)
)5/2
, β0 :=
ni − 4
8
, γ0 :=
(
ni − 4
8
)3
,
α1 :=
(
1
ni − 2
)5/2 [(
ni − 4
4
)5/2
−
(
ni + 4
4
)5/2]
,
γ1 :=
(
ni + 4
8
)3
−
(
ni − 4
8
)3
,
α2 :=
(
1
ni − 2
)5/2 [(
ni − 4
4
)5/2
− 2
(
ni + 4
4
)5/2
+
(
ni + 12
4
)5/2]
,
γ2 :=
(
ni + 4
8
)3
− 2
(
ni − 4
8
)3
+
(
ni − 12
8
)3
.
Lemma 8.1
The solution to the above system of linear equations is
a = −1
2
γ2
γ0α2 − γ2α0 + β0(γ2α1 − α2γ1) ,
a1 =
1
2
α1γ2 − α2γ1
γ0α2 − γ2α0 + β0(γ2α1 − α2γ1) ,
a3 =
1
2
α2
γ0α2 − γ2α0 + β0(γ2α1 − α2γ1) .
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Proof. The system of equations can be rewritten as

1
2
= aα0 + a1β0 + a3γ0,
0 = aα1 + a1 + a3γ1,
0 = aα2 + a3γ2
and one can see that the solution given in the statement of the lemma satisfes
the equations.
It now remains to check the order of a and a3. We have that the denominator
of the coefficients is of order ni and thus a ≍ 1 and a3 ≍ n−3i .
As a consequence we have that
sup
qS∈{−1,1}s
‖∆(3)′Wq‖22 ≤ c3
s+1∑
i=1
(ni − 2)−5 logni.
To ensure that W ≤ In−3−V/C, we can choose C, s.t. 1− aα0 ≤ (C − 1)/C.
To be rough we have that 1 ≥ α0 ≥ 2−5 and a ≥ 1/(2α0) ≥ 1/2. Thus,
C ≥ 26 = 64.
9. Summary for fast rates
We have proved the following theorem.
Theorem 9.1 (Fast rates for k = 2, 3)
Let S ⊆ D be arbitrary, S˜ = S ∪ (∪k−1l=1 (S + l)) and choose V = N−S˜. Let
x, t > 0 and choose λ0 ≥ γ
√
2 log(2(n− rS˜)) + 2t /n. For all f ∈ Rn, with
probability at least 1− e−t − e−x it holds that
‖fˆ − f0‖2n ≤ ‖f − f0‖2n + 4λ‖∆(2)−Sf‖1
+
(√
2x
n
+
√
k(s+ 1)
n
+ λΓ2(S,W )
)2
.
• For k = 2, the above inequality holds for all S, s.t. ni ≥ 7, i ∈ {2, . . . s}
are odd and min{n1, ns+1} ≥ 5 with λ = λ0 and
Γ2(S,W ) ≤ c2n
s+1∑
i=1
logni
(ni − 1)3 .
• For k = 3, the above inequality holds for all S. s.t. ni ≥ 18, i ∈ {2, . . . s}
are even and ni + 4 are divisible by 8 and min{n1, ns+1} ≥ 11 with λ ≥
64λ0 and
Γ2(S,W ) ≤ c3n
s+1∑
i=1
logni
(ni − 2)5 .
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Moreover we showed in Section 7 how to obtain a bound of the type
Γ2(S,W ) ≤ ckn
s+1∑
i=1
logni
(ni − k + 1)2k−1 ,
for general k, by choosing λ = Cλ0 for C > 1 large enough.
Remark 9.1
The choice of λ depends on γ, which in turn depends on S. Therefore, in practice,
the above theorem only holds for a restricted selection of active sets S, depending
on the choice of λ.
Fix t = log(2n) and define n∞ = maxi∈[s+1] ni. Then the inequality λ ≥
2Cγ
√
log(2n) /n implies
n∞ ≤
(
nλ
2C
√
log(2n)
) 2
2k−1
and the oracle inequality only holds for active sets S having n∞ upper bounded
as above.
10. Conclusion
The oracle inequalities with slow rates can be interpreted as a non-asymptotic
counterpart of the results derived by Mammen and van de Geer [1997] for total
variation regularized estimators. These oracle inequalities match their result up
to a log-term.
The sharp oracle inequalities with fast rates show that the estimator adapts
to the unknown number of jumps in the (k−1)th discrete derivative and provide
finite-sample prediction bounds. In particular, these show that the mean squared
error of the total variation regularized estimator is upper bounded by the optimal
tradeoff between approximation error and estimation error. The key tool for
providing these results in an easy way is the very simple yet powerful new
bound on the effective sparsity for analysis estimators. This bound could find
applications in generalizing the results to graphs as well as to other instances of
analysis estimators.
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Appendix A
A.1. Proofs of Section 2
Proof of Lemma 2.4. We decompose the empirical process as
ǫ′f/n = ǫ′ΠVf/n+ ǫ
′ΠV⊥f/n.
• For x > 0 define the set
X :=
{
‖ΠV⊥ǫ‖n ≤
√
2x
n
+
√
rS˜
n
}
.
On X we have that
ǫ′ΠVf
n
≤ ‖ΠV ǫ‖n‖f‖n ≤
(√
2x
n
+
√
rS˜
n
)
‖f‖n.
By applying Lemma 1 in Laurent and Massart [2000] (Lemma 8.6 in van de Geer
[2016], a concentration inequality for χ2 random variables) to X we get
that P(X ) ≥ 1− e−x.
• For λ0 > 0 define the set
T :=
{
|ǫ′ψ˜kj |
‖ψ˜kj ‖2
≤ λ0n
γ
, j ∈ D \ S˜
}
.
On T we have that ǫ′ψ˜kj /n ≤ Vjλ0, j ∈ D \ S˜, since ‖ψ˜kj ‖2/γ ≤ Vj . Thus,
on T ,
ǫ′ΠV⊥f
n
=
∑
j∈D\S˜ ǫ
′ψ˜kj d
′
jf
n
≤ λ0‖V−S˜∆(k)−Sf‖1.
We apply Lemma 17.5 in van de Geer [2016] (a concentration inequality
for the maximum of p random variables) to T . Note that ǫ′ψ˜kj /‖ψ˜kj ‖2 ∼
N (0, 1) and the standard normal distribution satisfies the assumption of
the lemma. Thus, if we take λ0 ≥ γ
√
2 log(2(n− rS˜)) + 2t /n, t > 0, we
get that P(T ) ≥ 1− e−t.
Note that VS˜\S = 0 and we can write ‖V−S˜∆(k)−S˜f‖1 = ‖V−S∆(k)−Sf‖1.
The claim of the lemma then holds on X ∩T , which, as a consequence of the
choice of λ0, is s.t. P(X ∩ T ) ≥ 1− e−x − e−t.
Proof of Lemma 2.5.
For r = {ri}ni=1 =

r1...
rn

 ∈ Rn define  r = {ri}1i=n =

rn...
r1

 .
Note that, for r, r˜ ∈ Rn we have that r′r˜ = ( r)′  r˜.
Since ∆(k) is of full rank, we have that ∆(k)+ = ∆(k)′(∆(k)∆(k)′)−1.
Let ri ∈ Rn−k be the ith row of ∆(k)′, i.e. ∆(k)′ = {ri}ni=1. We observe that:
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• For k even, ri = rn+1−i, i ∈ [n];
• For k odd, ri = −  rn+1−i, i ∈ [n].
Define P := (∆(k)∆(k)′)−1 ∈ R(n−k)×(n−k) and let the rows and columns of
P be indexed by the set D = [n] \ [k]. We have that P is symmetric and all its
diagonal entries are the same. Therefore, if we denote by Pj the j
th column of
P , we note that Pj = Pn+k+1−j , j ∈ D.
We distinguish two cases:
• When k is even
ψ˜kn+k+1−j = {riPn+k+1−j}ni=1 = {ri  Pj}ni=1 = { rn+1−i  Pj}ni=1
= {rn+1−iPj}ni=1 = {riPj}1i=n = {riPj}ni=1 = ψ˜kj .
• When k is odd, by similar calculations ψ˜kn+k+1−j = −  ψ˜kj .
Since, for r ∈ Rn, ‖r‖22 = ‖±  r‖22 we get the claim.
Proof of Lemma 2.6. We roughly estimate
‖φ˜kj ‖22 ≤ ‖φkj ‖22, j ∈ {⌈(n+ k + 1)/2⌉ , . . . , n} ,
where
‖φkj ‖22 ≤
∫ n+1−j
0
x2k−2dx ≤ (n+ 1− j)2k−1.
By symmetry (Lemma 2.5), we obtain the claim.
Proof of Lemma 2.7. Let φ21 = 1 ∈ Rn and φ2j = {(i − j + 1)1{i≥j}}i∈[n], j ∈
{2, . . . , n}. We want to find the antiprojections of the vectors φ2j , j ∈ [n] \ [2]
onto the linear space spanned by φ21 and φ
2
2.
We use the Gram-Schmidt procedure to orthonormalize the basis on which
we want to project.
By u1, u2 we denote two vectors orthogonal to each other, which span the
linear span of φ21, φ
2
2 and by e1, e2 their normalized version. We take u1 =
φ21 = 1. Then e1 = n
−1/2. We now take u2 = φ
2
2 − 〈φ22, e1〉e1. We have that
〈φ22, e1〉 = n(n−1)2n1/2 and thus u2 =
{
(i− 1)1{i≥2} − n−12
}n
i=1
. The norm of u2 is
‖u2‖22 = (n+1)n(n−1)12 and it follows that
e2 =
√
12
(n+ 1)n(n− 1)
{
(i− 1)1{i≥2} − n− 1
2
}n
i=1
.
Let φ¯2j denote the projection of φ
2
j onto the linear span of e1, e2 and let
φ˜2j = φ
2
j − φ¯2j be denote the antiprojection. It holds that
φ¯2j = 〈φ2j , e1〉e1 + 〈φ2j , e2〉e2 and ‖φ¯2j‖22 = 〈φ2j , e1〉2 + 〈φ2j , e2〉2.
Moreover it is known that ‖φ˜2j‖22 = ‖φ2j‖22 − ‖φ¯2j‖22.
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To compute the length of the antiprojections we thus have to compute the
coefficients of the projections onto the orthonormal vectors spanning the linear
space we project onto (i.e. 〈φ2j , e1〉 and 〈φ2j , e2〉) and the lengths of the vectors
to project (i.e. ‖φ2j‖22).
We omit all the steps of the computations, which were performed with the
support of the software “Wolfram Mathematica 11”. We present directly the
results, that for the inner products 〈φ2j , e1〉 and 〈φ2j , e2〉 are
〈φ2j , e1〉 =
(n− j + 1)(n− j + 2)
2
√
n
,
〈φ2j , e2〉 =
√
1
12(n+ 1)n(n− 1) (n− j + 1)(n− j + 2)(n+ 2j − 3).
The length of the vectors to project is given by
‖φ2j‖22 =
(n− j + 1)(n− j + 2)(2n− 2j + 3)
6
.
For the length of the projections we obtain the expression
‖φ¯2j‖22 =
(n− j + 1)2(n− j + 2)2
4n
(
1 +
(n+ 2j − 3)2
3(n− 1)(n+ 1)
)
.
For the length of the antiprojections we obtain the exact expression
‖φ˜2j‖22 =
(n− j + 1)(n− j + 2)(j − 2)(j − 1)(2j(n− j + 3)− 3(n+ 1))
6n(n+ 1)(n− 1) .
Proof of Lemma 2.8. Let φ31 = 1, φ
3
2 = {i− 1}ni=1,
φ3j =
{
(i− j + 1)(i− j + 2)1{i≥j}/2
}n
i=1
, j ∈ {3, . . . , n}. The length of the
antiprojections is given by
‖φ˜3j‖22 = ‖φ3j‖22 − 〈φ3j , e1〉2 − 〈φ3j , e2〉2 − 〈φ3j , e3〉2.
The orthonormal basis vectors e1 and e2 are the same as in the proof of
Lemma 2.7. Here as well the computations have been dome with the support of
the software “Wolfram Mathematica 11” In a first step we want to find
u3 = φ
3
3 − 〈φ33, e1〉e1 − 〈φ33, e2〉e2
and its normalized version e3 = u3/‖u3‖2.
We use the Gram-Schmidt process. We have that
‖φ3j‖22 =
n∑
i=1
1{i≥j}
(i− j + 1)2(i− j + 2)2
4
=
(n+ 3− j)(n+ 2− j)(n+ 1− j)(10− 12j + 3j2 + 12n− 6jn+ 3n2)
60
.
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Moreover, for the coefficients of the projections onto e1 we have
〈φ3j , e1〉 =
(n+ 3− j)(n+ 2− j)(n+ 1− j)
6
√
n
,
and
〈φ33, e1〉 =
√
n (n− 1)(n− 2)
6
.
For the coefficients of the projections onto e2 we have that
〈φ3j , e2〉 =
(n+ 3− j)(n+ 2− j)(n+ 1− j)(n+ j − 2)√
48(n+ 1)n(n− 1) ,
and
〈φ33, e2〉 =
(n+ 1)n(n− 1)(n− 2)√
48(n+ 1)n(n− 1) .
We thus obtain that the antiprojection of φ33 onto span(φ
3
1, φ
3
2) is given by
u3 = φ
3
3 − 〈φ33, e1〉e1 − 〈φ33, e2〉e2 =
{
(i− 1)(i − n)
2
+
(n− 1)(n− 2)
12
}n
i=1
.
The ℓ2-norm of u3 is
‖u3‖22 =
(n+ 2)(n+ 1)n(n− 1)(n− 2)
720
and the third vector e3 of the orthonormal basis writes as
e3 = u3/‖u3‖2
=
√
720
(n2 − 4)(n2 − 1)n
{
(i− 1)(i− n)
2
+
(n− 1)(n− 2)
12
}n
i=1
.
We can now compute the coefficient of the projections of φ3j onto e3:
〈φ3j , e3〉 =
(n+ 3− j)(n+ 2− j)(n+ 1− j)(6j2 + 3jn− 24j + n2 − 6n+ 20)√
720(n+ 2)(n+ 1)n(n− 1)(n− 2) .
Combining the formulas for the quantities we found, we get the claim.
Proof of Corollary 2.9. We first focus on the term
10(n+ 1)(n+ 2) + 3j(n+ 4− j)(j(n+ 4− j)− 4n− 5)
≤ 10(n+ 1)(n+ 2) + 3j2(n+ 4− j)2.
We have that minj∈{4,...,n} j
2(n + 4 − j)2 = 16n2. Moreover, for n ≥ 4, as we
implicitely assume when calculating ‖φ˜3j‖22,
(n+ 1)(n+ 2) ≤ n
(
1 +
1
4
)
+ n
(
1 +
1
2
)
≤ 5
4
3
2
n2 ≤ 5
2
4
5
n2 = 2n2.
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Thus, for n ≥ 4,
10(n+ 1)(n+ 2) + 3j2(n+ 4− j)2 ≤ 20n2 + 3j2(n+ 4− j)2
≤
(
20
16
+ 3
)
j2(n+ 4− j)2 ≤ 5j2(n+ 4− j)2.
We thus get that
‖φ˜3j‖22 ≤
(j − 3)(j − 2)(j − 1)j2(n+ 4− j)2(n+ 3− j)(n+ 2− j)(n+ 1− j)
12(n+ 2)(n+ 1)n(n− 1)(n− 2) .
Now notice that for j ∈ {4, . . . , n} the following inequalities hold:
• j(j − 2) ≤ (j − 1)2,
• j(j − 3) ≤ (j − 1)2,
• (n+ 4− j)(n+ 2− j) ≤ (n+ 3− j)2,
• (n+ 4− j)(n+ 1− j) ≤ (n+ 3− j)2.
This yields the desired result.
A.2. Proofs of Section 3
Proof of Theorem 9.1. Note that ‖V ‖∞ = 1 and thus ‖V−S∆(k)−Sf‖1 ≤ ‖∆(k)−Sf‖1.
By combining Lemma 2.3 and Lemma 2.4 with the above inequality we get that
with probability at least 1− e−t − e−x
‖fˆ − f0‖2n + ‖f − fˆ‖2n ≤ ‖f − f0‖2n + 2λ(‖∆(k)f‖1 + ‖∆(k)−Sf‖1)
+2
(√
2x
n
+
√
rS˜
n
)
‖f − fˆ‖n
≤ ‖f − f0‖2n + ‖f − fˆ‖2n + 4λ‖∆(k)f‖1
+
(√
2x
n
+
√
rS˜
n
)2
,
where the last inequality follows by the convex conjugate inequality.
A.3. Proofs of Section 4
Proof of Theorem 4.4. Note that for a, b ∈ R it holds that |a|− |b| ≤ sign(a)a−
|b| ≤ sign(a)(a − b), where we have an equality if sign(a) = sign(b) and an
inequality if sign(a) 6= sign(b).
By the triangle inequality and by applying the above consideration to ‖∆(k)Sf‖1−
‖∆(k)S fˆ‖1, we get that
‖∆(k)f‖1 − ‖∆(k)fˆ‖1 = ‖∆(k)Sf‖1 − ‖∆(k)S fˆ‖1
− (‖∆(k)−Sf‖1 + ‖∆(k)−S fˆ‖1) + 2‖∆(k)−Sf‖1
≤ q′S∆(k)S(f − fˆ)− ‖∆(k)−S(f − fˆ)‖1
+ 2‖∆(k)−Sf‖1,
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where qS = sign(∆(k)Sf). By combining the above inequality with Lemma 2.3
and Lemma 2.4 we obtain that, ∀f , with probability at least 1− e−t − e−x
‖fˆ − f0‖2n + ‖f − fˆ‖2n ≤ ‖f − f0‖2n + 4λ‖∆(k)−Sf‖1
+2
(√
2x
n
+
√
rS˜
n
)
‖f − fˆ‖n
+2λ(q′S∆(k)S(f − fˆ)− ‖W−S∆(k)−S(f − fˆ)‖1).
By Lemma 4.2 we have that
q′S∆(k)S(f − fˆ)− ‖W−S∆(k)−S(f − fˆ)‖1 ≤ Γ(S,W, qS)‖f − fˆ‖n.
By the convex conjugate, ∀f , with probability at least 1− e−t − e−x
‖fˆ − f0‖2n + ‖f − fˆ‖2n ≤ ‖f − f0‖2n + ‖f − fˆ‖2n + 4λ‖∆(k)−Sf‖1
+
(√
2x
n
+
√
rS˜
n
+ λΓ(S,W, qS)
)2
.
A.4. Proofs of Section 5
Proof of Lemma 5.1. We are going to look at single blocks of ∆(2)−S˜ , assuming
they are of length ni. We distinguish two cases:
• Boundary blocks
– First block. We choose the upper bound
‖ψ˜2j ‖22 ≤
(j − 4 + n1)3(n1 + 2− j)3
3(n1 + 1)n1(n1 − 1) , j ∈ {3, . . . , n1},
whose maximum is attained at j = 3.
– Last block. We choose the upper bound
‖ψ˜2j ‖22 ≤
(j − 1)3(2ns+1 − 1− j)3
3(ns+1 + 1)ns+1(ns+1 − 1) , j ∈ {3, . . . , ns+1},
whose maximum is attained at j = ns+1.
• Internal blocks. In this case we want the maximum to be attained at
the center of the block, so that we can take care of the case when two
consecutive entries of ∆(2)Sf have opposite signs without making the
effective sparsity blow up. Thus, we keep the upper bound given in Remark
2.3 with n = ni, i ∈ {2, . . . , s}.
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We choose the matrix V˜ as
V˜ 2jj =


(j + t1 − 5)3(t1 + 1− j)3
6t1(t1 − 1)(t1 − 2) , j ∈ {3, . . . , t1 − 1}
(j − ti−1)3(t1 + 1− j)3
6(ti−1 − t1 + 1)(ti−1 − t1)(ti−1 − t1 − 1) , j ∈ {ti−1 + 2, . . . , ti − 1}
(j − ts)3(2n− ts − j)3
6(n+ 2− ts)(n+ 1− ts)(n− ts) , j ∈ {ts + 2, . . . , n}
0, j ∈ {ti, ti + 1}, i ∈ [s].
Let us now assume for simplicity that ni is odd ∀i ∈ {2, . . . , s}. We normalize
V˜ to obtain the maximum value of 1 in each block and get
V 2jj =


v˜2(j)
v˜2(3)
=
(j + t1 − 5)3(t1 + 1− j)3
(t1 − 2)6 , j ∈ {3, . . . , t1 − 1}
v˜2(j)
v˜2( ti−ti−1+32 )
=
26(j − ti−1)3(t1 + 1− j)3
(ti−1 − t1)6 , j ∈ {ti−1 + 2, . . . , ti − 1}
v˜2(j)
v˜2(n)
=
(j − ts)3(2n− ts − j)3
(n− ts)6 , j ∈ {ts + 2, . . . , n}
0, j ∈ {ti, ti + 1}, i ∈ [s].
Since we choose λ = λ0 we can set W = In−2−V and we obtain the result.
Proof of Lemma 5.2. We are going to use two tools. The first tool is the follow-
ing row of inequalities. For a, b > 0 it holds that
(
√
a −
√
b )2 ≤
(
a− b√
a +
√
b
)2
≤
(
a− b√
a+ b
)2
≤ (a− b)
2
a+ b
≤ a
2 ∨ b2
a ∨ b = a ∨ b.
The second tool is the second derivative of a function of the form
f(j) = 1− c(j + a)3/2(b− j)3/2,
where a, b, c > 0 do not depend on j. We have that
f ′′(j) = −3c
[
(b− j)2 + (j + a)2 − 6(j + a)(b − j)]
4(j + a)1/2(b − j)1/2
and
|f ′′(j)|2 ≤ 9c
2max
{
((j + a)2 + (b − j)2)2, (6(j + a)(b − j))2}
16(j + a)(b − j)
We use the weigths W given in Lemma 5.1.
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First (and last) blocks.
Since the problem is symmetric, we are going to bound only the contribution of
the first block to the effective sparsity, which is given by
w2(3) + (w(4)− 2w(3))2 +
n1∑
j=5
(w(j) − 2w(j − 1) + w(j − 2))2
+ (1− 2w(n1) + w(n1 − 1))2 + (1− 2 + w(n1))2
We now bound each term of the above expression on its own.
• Since v(3) = 1, we have that w(3) = 0.
• The second term is
w2(4) =
1
(n1 − 1)6 ((n1 − 1)
3 −
√
n31(n1 − 2)3 )2 ≤
c2
(n1 − 1)4 ,
where the last inequality holds ∀n1 ≥ 2.
• We now look at the second last term, which is
(1− 2w(n1) + w(n1 − 1))2 = (2v(n1)− v(n1 − 1))2
≤ 4v2(n1) + v2(n1 − 1) = 2
6(n1 − 2)3
(n1 − 1)6 ≤
c2
(n1 − 1)3
• The last term can be upper bounded as
(1− 2 + w(n1))2 = v2(n1) = (2n1 − 4)
323
(n1 − 1)6 ≤
c2
(n1 − 1)3 .
• Finally, we want to bound
∑n1
j=5(w(j)−2w(j−1)+w(j−2))2. Lagrange’s
theorem says that
∃j∗ ∈ [j − 2, j] : w(j)− 2w(j − 1) + w(j − 2) = w′′(j∗).
We need an upper bound on |w′′(j∗)|2 depending in a simple way on j.
We note that for j ∈ {3, . . . , n1}
1. (j + n1 − 4) ≥ (n1 − 1),
2. (n1 + 2− j)2 + (j + n1 − 4)2 ≤ (n1 − 1)2 + (2n1 − 4)2 ≤ 5(n1 − 1)2,
3. 6(n1 + 2− j)(j + n1 − 4) ≤ 6(2n1 − 4)(n1 − 1) ≤ 12(n1 − 1)2.
Thus,
|w′′(j)|2 ≤ c2
(n1 − 1)3(n1 + 2− j) ,
which is increasing in j. It follows that, for n1 ≥ 5,
n1∑
j=5
(w(j) − 2w(j − 1) + w(j − 2))2 ≤ c2
(n1 − 1)3
n1∑
j=5
1
n1 + 2− j
=
c2
(n1 − 1)3
n1−3∑
j=2
1
j
≤ c2 log(n1 − 1)
(n1 − 1)3 .
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Therefore, the contribution of the first (and of the last) block to the effective
sparsity is upper bounded by c2(n1 − 1)−3 log(n1 − 1).
Interior blocks.
We assume that ni is odd ∀i ∈ [2, . . . , s] and we restrict to j ∈ [ni], i ∈
{2, . . . , s}. Note that v(j) on j ∈ [ni] \ [2] is symmetric around j∗ = (ni + 3)/2
and that w(j∗) = 0 and w(j∗ − 1) = w(j∗ + 1).
Note
For interior block matrices the sign pattern of ∆(2)f is only relevent when-
ever ni is odd. Indeed, when ni is even, no second order difference is affected
by the sign pattern. However, when ni is odd we have that one second or-
der difference is affected by the sign pattern. This second order difference is
(w(j∗ − 1)− 2w(j∗) + w(j∗ + 1))2 = 4w2 (j∗ − 1), when the sign configuration
is “same signs” and (w(j∗ − 1)− 2w(j∗)− w(j∗ + 1))2 = 0, when the sign con-
figuration is “opposite signs”. An upper bound taking care of both sign patterns
is 4w2 (j∗ − 1).
Because of the symmetry and the above note, the contribution of an internal
block matrix to the effective sparsity can be expressed as
2
(
(w(3) − 2 + 1)2 + (w(4) − 2w(3) + 1)2
+
(ni+3)/2∑
j=5
(w(j) − 2w(j − 1) + w(j − 2))2

+ 4w2((ni + 1)/2).
• For the first term we have that
(w(3) − 2 + 1)2 = v2(3) = 2
9(ni − 1)3
(ni + 1)6
≤ c2
(ni + 1)3
.
• For the second term we have that
(w(4)− 2w(3) + 1)2 = (v(4)− 2v(3))2 ≤ v2(4) + 4v2(3) ≤ c2
(ni + 1)3
.
• For the last term we have that
w2((ni + 1)/2) =
1
(ni + 1)6
((ni + 1)
3 −
√
(ni − 1)3(ni + 3)3 )2
≤ 1
(ni + 1)12
((ni + 1)
6 − (ni − 1)3(ni + 3)3)2 ≤ c2
(ni + 1)4
.
• We now have to bound the third term. For j ∈ {3, . . . , (ni+3)/2} we have
that
1. 1(ni+2−j) ≤ 2ni+1 ,
2. (j − 1)2 + (ni + 2− j)2 ≤ (ni+32 − 1)2 + (ni − 1)2 ≤ 2(ni + 1)2,
3. 6(j − 1)(ni + 2− j) ≤ 6 (ni+1)2 (ni − 1) ≤ 3(ni + 1)2.
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Thus,
|w′′(j)|2 ≤ c2
(ni + 1)3(j − 1) ,
which is decreasing in j. It follows that, for ni ≥ 7,
(ni+3)/2∑
j=5
(w(j)− 2w(j − 1) + w(j − 2))2 ≤ c2
(ni + 1)3
(ni+3)/2∑
j=5
1
j − 3
≤ c2
(ni + 1)3
(ni−3)/2∑
j=2
1
j
≤ c2
(ni + 1)3
logni.
We get that the contribution of an internal block of dimension (ni − 2)× ni
to the effective sparsity is upper bounded by c2n
−3
i logni under the condition
ni ≥ 7.
Put the pieces together and the result follows.
A.5. Proofs of Section 6
Proof of Lemma 6.1. We prove by induction that
lim
x→∞
(x− 1)2k−1 − x(2k−1)/2(x− 2)(2k−1)/2
(x− 1)2k−3 = const.,
where the constant is allowed to depend on k.
• Anchor.
For k = 1, we have that
lim
x→∞
(x− 1)−√x(x− 2)
(x− 1)−1 = limx→∞
(x− 1)
(x− 1) +√x(x − 2) = 12
• Step.
Assume that the formula is valid for k. Then it is valid also for k + 1.
lim
x→∞
(x− 1)2k+1 − x 2k+12 (x− 2) 2k+12
(x − 1)2k−1
=
2k + 1
2k − 1 limx→∞
(x− 1)2k−1 − x 2k−12 (x− 2) 2k−12
(x− 1)2k−3 = const.
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